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RAMIFICATION ESTIMATES FOR THE HYPERBOLIC GAUSS MAP 

YU KAWAKAMI 

11 " Dedicated to Professor Junjiro Noguchi on his sixtieth birthday 
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o 

q ' Abstract. We give the best possible upper bound on the number of exceptional values 

and the totally ramified value number of the hyperbolic Gauss map for pseudo-algebraic 
constant mean curvature one surfaces in the hyperbolic three-space and some partial 
results on the Osserman problem for algebraic case. Moreover, we study the value 
distribution of the hyperbolic Gauss map for complete constant mean curvature one 
\^ • faces in de Sitter three-space. 

q 

-d ■ 

" . Introduction 

There exists a representation formula for constant mean curvature one (CMC-1, for 
short) surfaces in the hyperbolic 3-space H 3 as an analogy of the Enneper-Weierstrass 
j> ■ formula in minimal surface theory ([2], [26]). As a result, the hyperbolic Gauss map G of 

CMC-1 surfaces in H 3 have some properties similar to the Gauss map g of minimal surfaces 
in Euclidean 3-space R 3 . In fact, by means of the representation formula, the hyperbolic 
Gauss map of these surfaces can be defined as a holomorphic map to the Riemann sphere 
C := C U {oo}. These results enable us to use the complex function theory for studying 
CMC-1 surfaces in H 3 . In particular, by applying the Fujimoto theorem [8], Z. Yu [30J 
showed that the hyperbolic Gauss map of a non-flat complete CMC-1 surface can omit 
at most four values. Moreover, for non-flat complete CMC-1 surfaces with finite total 
curvature, Collin, Hauswirth and Rosenberg [5] proved that G can omit at most three 
values by using the result of [29]. The result corresponds to the Osserman result [19] 
for algebraic minimal surfaces (By an algebraic minimal surface, we mean a complete 
minimal surface with finite total curvature). 

On the other hand, the author, Kobayashi and Miyaoka [13] refined the Osserman 
argument and gave an effective estimate for the number of exceptional values D g and the 
totally ramified value number v g of the Gauss map for pseudo-algebraic and algebraic 
minimal surfaces in M 3 recently. It also provided new proofs of the Fujimoto and the 
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2 YU KAWAKAMI 

Osserman theorems for these classes and revealed the geometric meaning behind it. We 
[H] also gave such an estimate for them in Euclidean 4-space M 4 . Jin and Ru [XT] gave 
the estimate for the totally ramified hyperplane number of the generalized Gauss map of 
algebraic minimal surfaces in Euclidean n-space K n . 

In this paper, we give the upper bound on the number of exceptional values Dq and the 
totally ramified value number vq of the hyperbolic Gauss map. In Section 1, we recall some 
fundamental properties and notations about CMC-1 surfaces in H 3 . In particular, using 
the notion of "duality" , we define algebraic and pseudo-algebraic CMC-1 surfaces and give 
examples which play important role in the following sections (see Example II. 61) . In Section 
2, we give the upper bound on the totally ramified value number of the hyperbolic Gauss 
map for pseudo-algebraic and algebraic CMC-1 surfaces (Theorem 12.31) . This estimate 
is effective in the sense that the upper bound which we obtain is described in terms 
of geometric invariants and sharp for some topological cases. Note that this estimate 
corresponds to the defect relation in the Nevanlinna theory (see [15] and [18]). Moreover, 
as a corollary of Theorem 12.31 we give some partial results on the Osserman problem 
for algebraic CMC-1 surfaces, that is, give the best possible upper bound on Dq for 
these surfaces. Furthermore, applying the classification of algebraic CMC-1 surfaces with 
dual total absolute curvature equal to 8n [23J, we show that the hyperbolic Gauss map 
of algebraic CMC-1 surfaces has a value distribution theoretical property which has no 
analogue in the theory of the Gauss map of minimal surfaces in M 3 (Proposition 12.51) . In 
Section 3, we study the value distribution of the hyperbolic Gauss map of CMC-1 faces 
in de Sitter 3-space Sf. Fujimori [6] defined spacelike CMC-1 surfaces in S 3 with certain 
kind of singularities as "CMC-1 faces" and investigated global behavior of CMC-1 faces. 
Moreover, Fujimori, Rossman, Umehara, Yamada and Yang [7] gave the Osserman- type 
inequality for complete (in the sense of |6]) CMC-1 faces. As an application of their result, 
we give the upper bound on the number of exceptional values and the totally ramified 
value number of the hyperbolic Gauss map for this class (Proposition 13.51 and Corollary 
1331). 

The author thanks Professors Ryoichi Kobayashi, Reiko Miyaoka and Junjiro Noguchi 
for supporting research activities and many helpful comments. The author also thanks 
Professors Shoichi Fujimori, Shin Nayatani, Masaaki Umehara and Kotaro Yamada for 
thier useful advice. 

1. Preliminaries 
Let M.f be the Lorentz-Minkowski 4-space with the Lorentz metric 

(1.1) ((x ,xi,x 2 ,X3),(yo,yi,y2,ya)) = -XoVo + %\V\ + x 2 y 2 + x 3 y 3 . 

Then the hyperbolic 3-space is 

H 3 = {(x , x x , x 2 , x 3 ) E Ri | - Or ) 2 + {xif + {x 2 f + (x 3 ) 2 = -1, x > 0} 
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with the induced metric from M.\, which is a simply connected Riemannian 3-manifold 
with constant sectional curvature — 1. We identify M.f with the set of 2 x 2 Hermitian 
matrices Herm(2)= {X* = X} (X* := *X) by 

(1.2) (x ,xi,x 2 ,x 3 ) < — ► 

y xi — «x 2 x — x 3 

where i = \J— 1 . In this identification, H 3 is represented as 

(1.3) e 3 = {aa*|aeSL(2,C)} 

with the metric 

(X, y) = — trace (XY), (X, X) = - det(X) , 

where Y is the cofactor matrix of Y. The complex Lie group PSL(2, C) := SL(2, C)/{±id} 
acts isometrically on H 3 by 

(1.4) H 3 3 X 1 — ► aXa* , 

where aePSL(2,C)- 

Bryant [2J gave a Weierstrass-type representation formula for CMC-1 surfaces. 

Theorem 1.1 (Bryant [2j, Umehara and Yamada [26]). Let M be a simply connected 
Riemann surface with a reference point z G M. Let g be a meromorphic function and uj 
be a holomorphic 1-form on M such that 

(1.5) ds 2 = (l + \g\ 2 ) 2 \uj\ 2 

is a Riemannian metric on M . Take a holomorphic immersion F = {Fif) : M — > SL(2, C) 
satisfying F(z ) = id and 

(1.6) F~ 1 dF= ( 9 ~/)u. 

Then f : M -> H 3 defined by 

(1.7) / = FF* 

is a CMC-1 surface and the induced metric of f is ds 2 . Moreover, the second fundamental 
form h and the Hopf differential Q of f are given as follows: 

(1.8) h = -Q-Q + ds 2 , Q = ujdg. 

Conversely, for any CMC-1 surface /: M — > H 3 , there exist a meromorphic function 
g and a holomorphic 1-form u on M such that the induced metric of f is given by (1 1 . 51) 
and fli.Tp holds, where the map F: M — > SL(2,C) is a holomorphic null ( "null" means 
det (F~ l dF) = 0) immersion satisfying ( 1 1.6b . 
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Remark 1.2. Following the terminology of [26], g is called a secondary Gauss map of /. 
The pair (g, u) is called Weierstrass data of /, and F is called a holomorphic null lift of 

Let /: M — > H 3 be a CMC-1 surface of a (not necessarily simply connected) Riemann 
surface M. Then the holomorphic null lift F is defined only on the universal cover M 
of M. Thus, the Weierstrass data (g, u>) is not single- valued on M. However, the Hopf 
differential Q of / is well-defined on M. By ( 11.61) . the secondary Gauss map g satisfies 

(1.9) g = -%± = -%±, where F W = f F "< 2 > F 'f » 

The hyperbolic Gauss map G of / is defined by, 

By identifying the ideal boundary S^ of H 3 with the Riemann sphere C := C U {oo}, the 
geometric meaning of G is given as follows (cf. [2]): The hyperbolic Gauss map G sends 
each peMto the point G(p) at S 2 ^ reached by the oriented normal geodesies of H 3 that 
starts at f(p). In particular, G is a meromorphic function on M. 

The inverse matrix F" 1 is also a holomorphic null immersion, and produce a new 
CMC-1 surface /« = F^F" 1 )*: M -> H 3 , called the ciua/ of / [29J. By definition, the 
Weierstrass data (g$,u*) of /» satisfies 

(1.11) ( J F«)- 1 dF«= (^ ~^f V" 

Umehara and Yamada [29, Proposition 4] proved that the Weierstrass data, the Hopf 
differential Q ', and the hyperbolic Gauss map G" of /" are given by 

(1.12) g* = G, w' = -^, Q* = -Q, G« = <?. 

So this duality between / and /" interchanges the roles of the hyperbolic Gauss map and 
secondary Gauss map. We call the pair (G, a;") the dual Weierstrass data of /. Moreover, 
these invariants are related by 

(1.13) S(g)-S(G) = 2Q, 
where S(-) denotes the Schwarzian derivative 

^!Y-V— 

77; ~2V"/7 

with respect to a complex local coordinate z on M. By Theorem 11.11 and ( 11. 1211 . the 
induced metric ds 2 ^ of f* is given by 

;i.i4) ds a «=(i+i^i 2 )vr=(i+iGr i 



S(h) 



dz 



Q 



dG 
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We call the metric ds 2 ^ the dual metric of /. There exists the following linkage between 
the dual metric ds 2 ^ and the metric ds 2 . 

Lemma 1.3 (Umehara-Yamada |29j, Z. Yu [30J ) . The Riemannian metric ds 2 ^ is com- 
plete (resp. nondegenerate) if and only if ds 2 is complete (resp. nondegenerate). 

Since G and Q are single- valued on M, the dual metric ds 2 ^ is also single-valued on M. 
So we can define the dual total absolute curvature 



TA(/«) := f (-K^)dA^ = f 

J M J A 



4\dG\ 2 
.w + |G[ 



2^2 ' 



where K^(< 0) and dA$ are the Gaussian curvature and the area element of ds 2 ^ respec- 
tively. Note that TA(/") is the area of M with respect to the (singular) metric induced 
from the Fubini-Study metric on the complex projective line P 1 (C)(= C) by G. When the 
dual total absolute curvature of a complete CMC-1 surface is finite, the surface is called 
an algebraic CMC-1 surface. 

Theorem 1.4 (Bryant, Huber, Z. Yu). An algebraic CMC-1 surface f:M — > H 3 
satisfies: 

(i) M is biholomorphic to M 7 \ {p 1; . . . ,Pk}, where M 7 is a closed Riemann surface 

of genus 7 and pj G M 7 (j = 1, . . . ,k). ([10]) 
(ii) The dual Weierstrass data (G, ufi) can be extended meromorphically to M 7 . ([2]. [30] 

We call the points pj the ends of /. An end pj of / is called regular if the hyperbolic 
Gauss map G has at most a pole at pj [26] . By Theorem 11.41 each end of an algebraic 
CMC-1 surface is regular. We define the class of "pseudo-algebraic" in complete CMC-1 
surfaces as follows: 

Definition 1.5. A complete CMC-1 surface is said to be pseudo-algebraic, if the following 
conditions are satisfied: 

(i) The dual Weierstrass data (G, a;") is defined on a punctured Riemann surface 
M = M 7 \ {p 1 , ■ ■ ■ ,Pk}, where M 7 is a closed Riemann surface of genus 7 and 
Pj eM J (j = l,...,k). _ 

(ii) (G,uj*) can be extended meromorphically to M 7 . 

We call M the basic domain of the pseudo- algebraic CMC-1 surface. 

Since we do not assume that / is well-defined on M, a pseudo-algebraic CMC-1 surface 
is defined on the universal cover of M. By Theorem 11.41 algebraic CMC-1 surfaces are 
certainly pseudo-algebraic. We give other important examples. 

Example 1.6. The dual Weierstrass data is defined on M = C \ {ai, 02, 03} for distinct 
points ai, 02, 03 G C, by 

(1.15) G = z, J= U( dZ y 

IL(z-ai) 
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As this data does not satisfy the condition that / is well-defined on M, we get a CMC-1 
surface / : D — ► H 3 on the universal covering disk D of M. Since the dual metric ds 2 * is 
complete, Lemma 11.31 implies that the metric ds 2 is also complete. Thus we can see that 
the surface is pseudo- algebraic and the hyperbolic Gauss map omits four values, oi, a 2 , 
as and 00. Starting from M = C\ {01,02}, we get similarly a pseudo-algebraic CMC-1 
surface /: D — > H 3 , of which hyperbolic Gauss map omits three values, a 1; a 2 and 00. The 
completeness of ds 2 ^ restricts the number of points o'-s to be less than four. We call these 
surfaces the Voss cousins because there exist surfaces which have the same Weierstrass 
data (these surfaces are called the Voss surfaces) in minimal surfaces in M. 3 [201 Theorem 
8.3]. 

2. Ramification estimate for the hyperbolic Gauss map of 
pseudo-algebraic cmc-1 surfaces 

We first define the totally ramified value number vq of G. 

Definition 2.1 (Nevanlinna [17]). We call b e C a totally ramified value of G when at 
any inverse image of b, G branches. We regard exceptional values also as totally ramified 
values. Let {ai, . . . , a To , bx, ■ ■ ■ , fy } C C be the set of totally ramified values of G, where 
Oj's are exceptional values. For each a,j, put Vj = 00, and for each bj, define Vj to be the 
minimum of the multiplicity of G at points G _1 (6j). Then we have Uj > 2. We call 

the totally ramified value number of G. 

Next, we consider the upper bound on vq. We denote by Dq the number of exceptional 
values of G. For the hyperbolic Gauss map of a complete CMC-1 surface, Z. Yu [30] 
obtained the upper bound on D G . As the application of his argument, we can also get 
the upper bound on vq for these surfaces. 

Theorem 2.2 (Z. Yu). Let f : M — > M 3 be a non-flat complete CMC-1 surface and G 
be the hyperbolic Gauss map of f . Then we have 

(2.1) D G <v G <4. 

Note that the Voss cousin (Example 11.61) shows that the estimate (12.11) is sharp. 

Proof. We assume that M is simply connected, otherwise, choose the universal cover 
of M. By Lemma ll.3[ the dual metric ds 2 ^ is also complete. Thus we get a complete 
minimal surface x : M — > M. 3 defined by 

x = U [\1-G 2 , i(l + G 2 ),2G)uj 
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In particular, the induced metric of the surface is ds 2 ^ and the Gauss map is G. By 
applying the Fujimoto theorem P, Theorem 1.6.1], G must be constant if v g > 4. If G is 
constant, from (11.101) . then we obtain 

(2.2) F\\ = GF 2 ± + C*i, F12 = GF 22 + C 2 , 

where C\ and C 2 are constant. On the other hand, the secondary Gauss map g of / 

satisfies 

(2-3) g = 22 / , 

because we have 

dF= ( F ^9 + F 12 -g{F u g + F l2 ) \ ^ 
' \ F 21 g + F 22 -g(F 21 g + F 22 ) j U 

from fll.6p . Combining (12.21) and (12.31) . we obtain g = —C 2 /Ci, that is, / is flat. □ 

Moreover, we give more precise estimate for vq and Dq for pseudo-algebraic and alge- 
braic CMC-1 surfaces. The following is the main result of present paper. 

Theorem 2.3. Consider a pseudo- algebraic CMC-1 surface with the basic domain M = 
M 1 \ {pi, . . . ,pk}. Let d be the degree of G considered as a map M 1 . Then we have 

(2.4) z> G <„ G < 2 +§, l. = l^l±Nl<l. 

and for algebraic CMC-1 surfaces, we have R^ 1 < 1. 

Remark 2.4. The geometric meaning of "2" in the upper bound of f l2.4[) is the Euler 
number of the Riemann sphere. The geometric meaning of the ratio R is given in [T3J, 
Section 6]. 

Proof. By definition, u>" (= —Q/dG) is single-valued on M and can be extended mero- 
morphically to M 7 . Since the dual metric ds 2 ^ is nondegenerate, the poles of G of order 
k coincides exactly with the zeros of oj" of order 2k. By Lemma [1.31 the dual metric ds 2 ^ 
is complete, so uj^ has a pole at each pj [20]. By (11.121) . the order of the pole of cu" at pj 
is given by 

[if — dj > 1 , 

where fx/ E Z is the branching order of G at pj, and dj := ord Pj Q. Applying the 
Riemann- Roch formula to u^ on M 7 , we obtain 

k 

2d -^(/// - dj) = 2 7 -2. 

3=1 

Thus we get 

1 u 

(2.5) d = 7 - 1 + g E(^ 8 - ^) > 7 - 1 + 2 , 
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and 

(2.6) R- 1 < 1 . 

For algebraic case, Umehara and Yamada [291 Lemma 3] showed that the case \i^ — dj = 1 
cannot occur, so fi/ — dj > 2. Thus we get 

i u 

(2.7) d = 7 - 1 + j E^ -di)>7-l + *>7-l+2' 

and 

(2.8) iT 1 < 1 . 

Now we prove (12.41) . Assume G omits r$ = Dq values. Let no be the sum of the branching 
orders at the inverse image of these exceptional values of G. We have 

(2.9) k>dr -n . 

Let b\, . . . , bi be the totally ramified values which are not exceptional values. Let n r be 
the sum of branching order at the inverse image of hi (i — 1, . . . , Iq) of G. For each hi, we 
denote 

Ui = min G -i (fe8) {multiplicity of G(z) = hi} , 

then the number of points in the inverse image G~ l (bi) is less than or equal to djvi. Thus 
we obtain 

Iq j 

(2.10) dl -n r <Y^ -. 
This implies 

(2.11) ^o-E-<^. 

Let uq be the total branching order of G on M 7 . Then applying the Riemann-Hurwitz 
theorem to the meromorphic function G on M 7 , we obtain 

(2.12) n G = 2(d + 7 -l). 
Therefore, we get 

^ . V^ (1 X \ s n + k n r n G + k .„2 



i=l 



D 



The system of inequalities 02. 41) is sharp in some cases : 

(i) The Voss cousins (Example I1.6P satisfy d — 1 and 7 = 0. Then when k = 3, 
we have R^ 1 = 1/2 and Dq < vq < 3. When k = 4, we have i? _1 = 1 and 
-Dg < ^g ^ 4. These show that (12. 4p is sharp in pseudo-algebraic case. 
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(ii) When (7, k, d) = (0, 1, n) (n 6 M), we have 

u G <2--. 

n 

In this case, we can set M = C. We consider the hyperbolic Gauss map G and 
the Hopf differential Q on M , by 

(2.13) G = z n , Q = 6z n - 1 dz 2 (6eC\{0}). 

Since M is simply connected, we have no period problem. Thus we obtain a 
solution g of (11.131) defined on C, and then, one can construct an algebraic CMC-1 
surface /: M — > H 3 with hyperbolic Gauss map and Hopf differential as in (12.131) . 
(The case n = 1, the surface is congruent to an Enneper cousin dual given by 
(g,Q,G) = (tan \/6z, 9dz 2 , z).) In particular, the hyperbolic Gauss map of the 
surface has v G = 2 — (1/n). Indeed, it has one exceptional value, and another 
totally ramified value of multiplicity n at z = 0. Thus ( 12.4ft is sharp for algebraic 
case, too. 
(iii) When (7, k, d) = (0, 2, n) (n 6 N), we have 

D G < v G < 2 . 

In this case, we can set M = C\{0}. On the other hand, a catenoid cousin (n = 1) 
or its n-fold cover (n > 2) / : M — C \ {0} — > H 3 is given by 

n 2 -I 2 n 2 - I 2 

(2.i4) 9 = ^r z ^ Q = 1 j^ dz ^ G = z ^ 

where I (7^ n) is a positive number. In particular, the hyperbolic Gauss map of 
these surfaces has D G = v G = 2. Thus (12.41) is sharp. 

Now, we consider the case (7, k, d) = (0, 3, 2). By ( 12.41) . we have v G < 2.5. For minimal 
surfaces in M 3 , we can find algebraic minimal surfaces with u g = 2.5 ([T2J [16]) and the 
estimate (12.41) is sharp. However, we cannot find such surfaces for algebraic CMC-1 
surfaces. This property has no analogue in the theory of the Gauss map of algbraic 
minimal surfaces in M 3 . (Note that Rossman and Sato [21] constructed algebraic CMC-1 
surfaces (genus one catenoid cousins) which have no analogue in the theory of minimal 
surfaces in M 3 [25].) 

Proposition 2.5. For the case (7, k, d) = (0,3,2), there exist no algebraic CMC-1 
surfaces with v G = 2.5. 

Proof. The proof is by contradiction. If there exists, then the hyperbolic Gauss map G 
has two exceptional values and another totally ramified value of multiplicity 2. Without 
loss of generality, we can set M = C \ {0, l,p} ( p 6 C \ {0, 1}) and G has branch points 
of branching order 1 at z = 0, 00 and G omits two values, and 1. Then we have G = z 2 
and p — — 1. By nondegenerateness of ds 2 ^ and ( 12. 7ft . the Hopf differential Q has a pole 
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of order 2 (resp. order 1) at z — ±1 (resp. z — 0) and has no zeros on C. So Q have the 
form 

Bdz 2 

On the other hand, Rossman, Umehara and Yamada [231 Theorem 4.5 and 4.6] proved 
that if there exists an algebraic CMC-1 surface /: M — ► H 3 whose hyperbolic Gauss map 
and Hopf differential are given by 

Bdz 2 
(2,6) GW, Q = - I _ W _ F <, e C\{0», 

then p satisfies "p e ffi. such that p ^ 1 and 4/(p — 1) ^ Z" or "p = (r + 2)/(r — 2) where 
r (> 3)6 Z", and 9 = — 2p(p + 1). In particular, p 7^ — 1. □ 

Finally, we discuss the problem of finding the maximal number of the exceptional 
values of the hyperbolic Gauss map of non-flat algebraic CMC-1 surfaces. We call it "the 
Osserman problem" for algebraic CMC-1 surfaces. As a corollary of Theorem 12. 4} we can 
give some partial results on this problem. 

Corollary 2.6. For non-flat algebraic CMC-1 surfaces, we have: 

(i) D G < 3. 

(ii) When 7 = 0, D G < 2. 
(iii) When 7 = 1 and the surface has non- embedded regular end, D G < 2 holds. 

Proof. For algebraic CMC-1 surfaces, we have R^ 1 < 1. Thus we get D G < 4, that is, 
Dg < 3. Next we prove (ii) and (iii). It is obvious to see that D G > 3 implies R" 1 > 1/2. 
Thus we get 

1 k 
7-l + 25>5-^)<2(7-l) + ^. 
i=i 



As we have /A — dj > 2, it follows 

1 k 
(2.17) k< _^}-d i )<7-l + *- 



i=i 

Thus we obtain (ii). When 7 = 1, (12.171) implies n^ — dj = 2 for all j, which means all ends 
are regular and properly embedded ([U|29]). Therefore, if the surface has non-embedded 
end, then D G <2. □ 

A catenoid cousin, examples in [231 Theorem 4.7] and the following proposition show 
that (ii) of Corollary 12.61 is sharp. 



THE HYPERBOLIC GAUSS MAP 11 

Proposition 2.7. There exists an algebraic CMC-1 surface f: M = C \ {0, 1} — > H 3 
with TA(p) = — 127r whose hyperbolic Gauss map G and Hopf differential Q are given by 

(2-18) G=( Z -^-)\ Q = ~^ (0 = -2,-6). 

\ z J z{z-\) 

In particular, G omits two values, 1 and oo. 

In general, to find algebraic CMC-1 surfaces on a non-simply connected Riemann surface 
is not so easy. Because the period problem, that is, to get a proper solution of A1.13J1 (see 
[28] or [23j Lemma 2.1]) on M causes trouble. However, Rossman, Umehara and Yamada 
obtained the following construction for the case 7 = with n ends. For the terminology 
of ordinary differential equation theory, we refer the reader to [3] and [231 Appendix A] . 

Lemma 2.8. [221 Proposition 2.2] Let M — C\ {pi, . . . ,p k } withpi, . . . ,Pk~i G C. Let 
G and Q be a meromorphic function and a meromorphic 2 -differential on C satisfying the 
following two conditions: 

(a) For all q G M , ord g Q is equal to the branching order of G, and 

(b) for each Pj, iA — dj > 2 . 

Consider the linear ordinary differential equation 

(E.0) -^ + r (z)u = 0, 

where r(z)dz 2 : = (S(G)/2) + Q. Suppose k > 2, and also dj = ord Pj Q > —2 and the 

indicial equation o/(E.O) at z = pj has two distinct roots Xf , \£ and log-term coefficient 

Cj, for j = 1,2,..., k- 1. 

(i) Suppose that A^ — \^ G ^ + and Cj = for j < k — 1. Then there is exactly 
a ^-parameter family of algebraic CMC-1 surfaces of M into H 3 with hyperbolic 
Gauss map G and Hopf differential Q . Moreover, such surfaces are Jif 3 -reducible. 
(ii) Suppose that Xf — Air G Z + and Cj = for j < k — 2, and that \[~ ' — Ai>~ G 
M\Z. Then there exists exactly a 1 -parameter family of algebraic CMC-1 surfaces 
of M into H 3 with hyperbolic Gauss map G and Hopf differential Q. Moreover, 
such surfaces are ,^ x -reducible. 

Here we denoted by Z + the set of positive integers. 

See [22] for the definition of J^-reducible and J^ 3 -reducible. Now, we prove Proposi- 
tion 12.71 below. 

Proof of Proposition 2.7. It is easy to see that G and Q in (12.181) satisfy the assumptions 
(a) and (b) in Lemma 12.81 Consider equation (E.0). Then the roots of the indicial 
equations of (E.0) are —1 and 2 at both z = and at z — 1. By [231 Appendix A, (A. 16)] 
the log-term coefficients at z = and at z = 1 both vanish if and only if 9 = —2, —6. By 
Lemma [2.81 (i). the corresponding algebraic CMC-1 surfaces are well-defined on M. □ 



12 YU KAWAKAMI 

Remark 2.9. Proposition 12 . 71 also provides the following result: Any J^ 3 -reducible alge- 
braic CMC-1 surface that is of type 0(— 1,— 1,— 2) with TA(/") = — 127T is congruent to 
an algebraic CMC-1 surface /: M — C\ {0, 1} — ► M 3 whose hyperbolic Gauss map G and 
Hopf differential Q are as in ( \2.18b . Here, we say that f is a surface of type 0(d\, . . . , dk) 
if M = C \ {pi, . . . ,pk} and Q has order dj at each end pj. 

However, we do not know whether (i) and (iii) in Corollary l2.6l are sharp or not. Because 
we know few algebraic CMC-1 surfaces of 7 > 1 and have no definite solution to the global 
period problem for this class. 

3. Value distribution of the hyperbolic Gauss map of complete CMC-1 

FACES IN DE SlTTER 3-SPACE 

We first briefly recall definitions and basic facts on complete CMC-1 faces in de Sitter 
3-space. For more details, we refer the reader to [6] and [7j. For all of this section, we use 
the same notation as in Sections 1 and 2. In the Lorentz-Minkowski 4-space M.f with the 
Lorentz metric given by (II. ip . de Sitter 3-space can be realized by 

S? = {(x , xi, x 2 , x 3 ) E Ri I - (x ) 2 + (xrf + (x 2 ) 2 + (x 3 ) 2 = 1} 

with metric induced from M.f, which is a simply-connected Lorentzian 3-manifold with 
constant sectional curvature 1. By the identification (11.21) . S^ is represented as 

(3.1) ^l = {Fe 3 F*\FeSL{2,C)}, 

with the metric 

(X, Y) = - trace XY - trace (Xe 2 t Ye 2 ), 

where Y is the cofactor matrix of Y and 

An immersion into §f is said to be spacelike if the induced metric on the immersed 
surface is positive definite. Aiyama-Akutagawa p] gave a Weierstrass-type representation 
formula for spacelike CMC-1 immersions in §f. Moreover, Fujimori [6] defined spacelike 
CMC-1 surfaces with certain kind of singularities as "CMC-1 faces" and extended the 
notion of spacelike CMC-1 surfaces. 

Definition 3.1. Let M be an oriented 2-manifold. A C7°°-map /: M — > Sf is called a 
CMC7-1 face if 

(1) there exists an open dense subset W C M such that f\w is a spacelike CMC-1 
immersion, 
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(2) for any singular point (that is, a point where the induced metric degenerates) 
p, there exists a C 1 -differentiable function A: U fl W — ■> (0, oo), defined on the 
intersection of neighborhood U of p with VF, such that Xds 2 extends to a C 1 - 
differentiable Riemannian metric on U, where ds 2 is the first fundamental form, 
i.e., the pull-back of the metric of Sf by /, and 

(3) df{p) ^ for any peM. 

A 2-manifold M on which a CMC-1 face /: M — > § 3 is defined always has complex 
structure (see [6]). So we will regard M as a Riemann surface. The Weierstrass-type 
representation formula in [1] can be extended for CMC-1 faces as follows ([6, Theorem 
1.9]): 

Theorem 3.2 (Aiyama-Akutagawa, Fujimori). Let M be a simply connected Riemann 
surface with a reference point zq G M. Let g be a meromorphic function and u be a 
holomorphic 1-form on M such that 

(3.3) ds 2 = (1 + \g\ 2 ) 2 \uj\ 2 

is a Riemannian metric on M and \g\ is not identically 1. Take a holomorphic immersion 
F = (Fjk) '■ M — > SL(2, C) satisfying F(zq) = eo and 



(3.4) F' l dF 



. 2 



-g 



U) 



-9 
Then f : M — > E>1 defined by 

(3.5) / = Fe 3 F* 

is a CMC-1 face which is conformal away from its singularities. The induced metric 
ds 2 on M , the second fundamental form h and the Hopf differential Q of f are given as 
follows: 

(3.6) ds 2 = (1- \g\ 2 ) 2 \uj\ 2 , h = Q + Q + ds 2 , Q = ujdg . 

The singularities of the CMC-1 face occur at points where \g\ = 1. 

Conversely, for any CMC-1 face f: M — > Sf, there exist a meromorphic function g 
(with \g\ not identically 1) and a holomorphic 1-form u on M so that ds 2 is a Riemannian 
metric on M and (jff.5p holds, where the map F : M — > SL(2,C) is a holomorphic null 
immersion satisfying (TO). 



The holomorphic 2-differential Q as in ( 13.61) is called the Hopf differential of /. In 
analogy with the theory of CMC-1 surfaces in H 3 , the meromorphic function 

(3 7) G = dFu = dFu 

dF 2 \ dF 2 2 

are called the hyperbolic Gauss map of /. If /: M — > S 3 be a CMC-1 face of a (not 

necessarily simply connected) Riemann surface M, then the holomorphic null lift F is 
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defined only on the universal cover M of M, but Q and G are well-defined on M. A 
geometric meaning of G is given in pj Section 4]. 

Fujimori [61 Definition 2.1] defined the notion of completeness for CMC-1 faces as 
follows: We say a CMC-1 face / : M — > Sf is complete if there exists a symmetric 2-tensor 
field T which vanishes outside a compact subset C C M such that the sum T + ds 2 is a 
complete Riemannian metric on M. 

The completeness characterizes the conformal structure of M [7J Proposition 1.11]. 

Theorem 3.3 (Fujimori-Rossman-Umehara-Yamada-Yang). Let f : M —>■ §f fee a com- 
plete CMC-1 face. Then there exist a compact Riemann surface M 7 of genus 7 and a finite 
number of points pi, ■ ■ ■ ,Pk G M 7 swc/i £/ia£ M is biholomorphic to M 7 \ {pi, . . . ,;?&}. 

Any puncture Pj is called an end of /. An end pj of / is said to be regular if G has 
at most a pole at pj. Fujimori, Rossman, Umehara, Yamada and Yang investigated the 
behavior of ends and obtained the Osserman-type inequality |T, Theorem 1] . 

Theorem 3.4 (Fujimori- Rossman- Umehara- Yamada- Yang). Suppose a CMC-1 face 
f: M — > Sf is complete. By Theorem \3.3\ there exist a compact Riemann surface M 7 of 
genus 7 and a finite number of points pi, . . . ,Pk £ M^ such that M is biholomorphic to 
M-y \ {pi, . . . ,Pk}- Then we have 

(3.8) 2d>2-?-2 + 2k, 

where d is the degree of G considered as a map M 7 {if G has essential singularities, then 
we define d = 00 ) . Furthermore, equality holds if and only if each end is regular and 
properly embedded. 



As an application of Theorem I3.4[ we give the upper bound on vq and Dq for complete 
CMC-1 faces. When d is finite, that is, each end of / is regular, Theorem 13.41 implies that 

, s 1 7 - 1 + fc/2 

Since G can be meromorphically on M 7 for this case, we can apply the latter half of proof 
of Theorem 12.31 . Therefore, we have proved the result below. 

Proposition 3.5. Let f: M — > Sf be a non-flat complete CMC-1 face. By Theorem 
\3.3[ we can assume that M is biholomorphic to M 7 \ {pi, . . . ,Pk}- Let G be the hyperbolic 
Gauss map of f and d be the degree of G considered as a map M 7 . Moreover, we assume 
that each end is regular. Then we have 

2 1 7 - 1 + k/2 
(3.10) D G <u G <2 + -, - = 1 j- J -<1- 

In particular, we have Dq < 3. 
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When (7, k, d) = (0, 2, 1), we have 

D G = v G = 2 . 

In this case, there exist examples which show that (13.101) is sharp. In fact, the elliptic 
catenoid (p, Example 5.4]) given by 

g = z*, Q = ^-dz 2 , G = z, 

where /i£l\ {0} and the parabolic catenoid (0 Example 5.6]) given by 

log^ + 1 dz 2 

9 = ] r, Q = -7-5, G = z, 

lOg Z—l 4:Z Z 

are complete CMC-1 faces defined on C \ {0} with two regular ends and D G = v G = 2. 
We now obtain the following corollary of Proposition 13.51 

Corollary 3.6. The hyperbolic Gauss map of a non-flat complete CMC-1 face can omit 
at most three values. 

Proof. If each end is regular, then the hyperbolic Gauss map G can omit at most three 
values from Proposition 13.51 If not, then G has an essential singularity at a puncture. 
By the Big Picard theorem, G attains all but at most two points of C infinitely often. In 
particular, G can omit at most two values. □ 

References 

[1] R. Aiyama and K. Akutagawa: Kenmotsu-Bryant type representation formulas for constant mean 

curvature surfaces in H 3 (-c 2 ) and Sf(c 2 ), Ann. Global Anal. Geom. (1), 17 (1998), 49-75. 
[2] R. Bryant: Surfaces of mean curvature one in hyperbolic space, Asterisque 154—155 (1987), 321-347. 
[3] E. A. Coddington, N. Levinson: Theory of Ordinary Differential Equations, McGraw-Hill, 1995. 
[4] P. Collin, L. Hauswirth, and H. Rosenberg: The geometry of finite topology Bryant surfaces, Ann. of 

Math (2)153 (2001), 623-659. 
[5] P. Collin, L. Hauswirth, and H. Rosenberg: The gaussian image of mean curvature one surfaces 

in H 3 of finite total curvature, Fukaya Kenji (ed.) et al., Minimal surfaces, geometric analysis and 

symplectic geometry, Mathematical Society of Japan. Adv. Stud. Pure Math. 34 (2002), 9-14. 
[6] S. Fujimori: Spacelike CMC 1 surfaces with elliptic ends in de Sitter 3-space, Hokkaido Math. J., 35 

(2006), 289-320. 
[7] S. Fujimori, W. Rossman, M. Umehara, K. Yamada, S.-D. Yang: Spacelike mean curvature one 

surfaces in de Sitter 3-space, preprint, arXiv:0706.0973 
[8] H. Fujimoto: On the number of exceptional values of the Gauss map of minimal surfaces, J. Math. 

Soc. Japan, 40 (1988), 235 - 247. 
[9] H. Fujimoto: Value Distribution Theory of the Gauss Map of Minimal Surfaces in W n , Aspect of 

Math., Vol. E21, Vieweg, Wiesbaden, 1993. 
[10] A. Huber: On subharmonic functions and differential geometry in the large, Comment. Math. Helv., 

32 (1957), 13-72. 
[11] L. Jin and M. Ru: Algebraic curves and the Gauss map of algebraic minimal surfaces, Differ. Geom. 

Appl. 25, (2007), 701 - 712. 



16 YU KAWAKAMI 



[12 
[13 
[14 
[15 
[16 
[17 
[18 

[19 

[20 

[21 

[22 
[23 
[24 
[25 
[2G 
[27 

[28 
[29 
[30 



Y. Kawakami: On the totally ramified value number of the Gauss map of minimal surfaces, Proc. 

Japan Acad., Ser. A Math. Sci., 82(2006), 1-3. 

Y. Kawakami, R. Kobayashi and R. Miyaoka: The Gauss map of pseudo-algebraic minimal surfaces, 

to appear in Forum Mathematicum, math.DG/0511543 

Y. Kawakami: The Gauss map of pseudo- algebraic minimal surfaces in R 4 , to appear in Mathema- 

tische Nachrichten, |math.DG/0603320 



R. Kobayashi: Toward Nevanlinna theory as a geometric model of Diophantine approximation, Sug- 
aku Expositions 16 (2003), 39-79. 

R. Miyaoka and K. Sato: On complete minimal surfaces whose Gauss map misses two directions, 
Arch. Math., 63 (1994), 565-576. 

R. Nevanlinna: Analytic Function, Translated from the second German edition by Phillip Emig. Die 
Grundlehren der mathematischen Wissenschaften, Springer, New York, 1970. 

J. Noguchi and T. Ochiai: Geometric Function Theory in Several Complex Variables, Transl. Math. 
Monog. 80, Amer. Math. Soc, 1990. 

R. Osserman: Global properties of minimal surfaces in E 3 and E n , Ann. of Math. 80 (1964), 340-364. 
R. Osserman: A survey of minimal surfaces, second edition, Dover Publications Inc., 1986. 
W. Rossman, K. Sato: Constant mean curvature surfaces with two ends in hyperbolic space, Exper- 
imental Math. 7(2) (1998), 101-119. 

W. Rossman, M. Umehara, K. Yamada: Irreducible constant mean curvature 1 surfaces in hyperbolic 
space with positive genus, Tohoku Math. J. 49 (1997), 449-484. 

W. Rossman, M. Umehara, K. Yamada: Mean curvature 1 surfaces in hyperbolic 3-space with low 
total curvature I, Hiroshima Math. J. 34 (2004), 21-56. 

W. Rossman, M. Umehara, K. Yamada: Mean curvature 1 surfaces in hyperbolic 3-space with low 
total curvature II, Tohoku Math. J. 55 (2003), 375-395. 

R. Schoen: Uniqueness, symmetry, and embeddedness of minimal surfaces, J. D. Geom. 18 (1992), 
791-809. 

M. Umehara, K. Yamada: Complete surfaces of constant mean curvature-1 in the hyperbolic 3-space, 
Ann. of Math. 137 (1993), 611-638. 

M. Umehara, K. Yamada: A parameterization of Weierstrass formulae and perturbation of some 
complete minimal surfaces of M 3 into the hyperbolic 3-space, J. Reine Angew. Math. 432 (1992), 
93-116. 

M. Umehara, K. Yamada: Surfaces of constant mean curvature-c in H 3 (—c 2 ) with prescribed hyper- 
bolic Gauss map, Math. Ann. 304 (1996), 203-224. 

M. Umehara, K. Yamada: A duality on CMC-1 surface in the hyperbolic 3-space and a hyperbolic 
analogue of the Osserman Inequality, Tsukuba J. Math. 21 (1997), 229-237. 
Z. Yu: Value distribution of hyperbolic Gauss maps, Proc. Amer. Math. Soc. 125 (1997), 2997-3001. 

Graduate School of Mathematics, 

Kyushu university, 

6-10-1, Hakozaki,Higashiku, Fukuoka-city, 812-8581, Japan 

E-mail address: kawakami@math.kyushu-u.ac.jp 



